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We argue that the QCD matter not far above a critical confinement-deconfinement baryon density 
and low temperatures can develop spontaneously the condensates of spin-one quark Cooper pairs. De- 
pending upon their color these condensates characterize two distinct anisotropic color-superconducting 
phases. For them we derive the generic form of the quasiquark dispersion laws and the gap equation. 
We also visualize the soft Nambu-Goldstone modes of spontaneously broken global symmetries, and 
demonstrate an unusual form of the Meissner effect. 



1 Basic picture 

With QCD as the microscopic theory of 
strong interactions it became mandatory 
to pursue, if possible, both experimentally 
and theoretically, all corners of its phase 
diagramtl. Here we restrict our attention 
to that of high baryon densities and very 
low temperatures: Not far above a criti- 
cal confinement-deconfinement baryon den- 
sity Uc ~ 5nnuci.matter ~ 0.72/ fm^ and at 
low T the deconfined QCD matter should be 
a rather strongly interacting quantum many- 
colored-quark system. Its detailed actual be- 
havior in the considered region depends solely 
upon the details of the effective interactions 
relevant there. 

For definiteness (and because we think it 
is both natural and simplifying) we assume 
that the strong (but nonconfining) gluon 
interactions dress the tiny quark masses 
ruu, rud (we restrict our discussion to the case 
of two light flavors) into a common larger ef- 
fective mass m* , and become weak. Residual 
interaction between the massive (quasi)quark 
excitations "ipaA ~ color, a - Dirac, A - fla- 
vor SU{2) indices) can then be described by 
appropriate short-range (approximately con- 
tact) four-fermion interactions Cmt- Some 
pieces of Cmt even have a solid theoretical 
justification: the instanton-mediated inter- 
action of t'Hoofti, and the Debye-screened 
chromoelectric one-gluon exchange. For our 
case of fragile ordered phases to be discussed 



below one should keep in mind also yet un- 
known effective local four-fermion interac- 
tions due to the exchanges of heavy collective 
excitations eventually existing in more robust 
phases. The resulting effective Lagrangian 

~^^afj,u-^ ^ ^int (1) 

in which the gluon interactions are treated 
perturbatively (and neglected in the lowest 
approximation) defines a relativistic version 
of the Landau Fermi-liquid concept. The 
quark chemical potential of interest is of the 
order of /i ~ bQQMeV , whereas is to be 
determined experimentally. 

By assumption, Ceff is exactly SU{i)c x 
SU{2)i X U{l)v X 0(3) invariant. There is 
no approximate SU (2) chiral symmetry of ([^) 
which could be broken spontaneously. Hence, 
there should be no Nambu-Goldstone(NG) 
pions in dense and cold deconfined phase(s) of 
QCD. It would be also misleading to think of 
ip and m* as of the constituent quark and of 
the constituent mass. There is nothing they 
might constitute. 

At present, there are no experimental 
data, either real or the lattice ones which 
would check our assumption. For our con- 
siderations it is not, however, essential. An 
alternative picture, and in fact the more com- 
monly discussed one is that in the cold decon- 
fined QCD matter the u, d quarks stay ap- 
proximately massless at the Lagrangian level 
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as they were in the confined phase. Discus- 
sion of the superfluid]^ phases presented be- 
low apphes also to this case. On top of that it 
is, however, obligatory to ask (and to answer) 
how the (approximate) chiral symmetry is re- 
alized in this case. 

The cold and dense deconfined QCD 
matter should exist in the interiors of the neu- 
tron stars, and optimistically also in the early 
stages of the relativistic heavy-ion collisions 
studied experimentally with much effort at 
present. Consequently, theoretical studies of 
such a matter are more than an intellectual 
challenge. 

2 Isotropic superconductors 

In principle, the behavior of a cold and 
dense deconfined QCD matter governed by 
(|l|) should be similar to that of any non- 
relativistic low-T Landau Fermi-liquid (say of 
electrons in metals or of the atoms of liquid 
^He). The differences are rather technical: 
(1) Characteristic energies given by the chem- 
ical potential ^ O{h0QMeV) require the 
relativistic description. (2)The quarks carry, 
besides spin, also the flavor and color. (3)The 
gauge fields are both Abelian (photon) and 
non-Abelian (gluons). (4) The origin of the 
effective interactions is different. 

In fact, the behavior of any (non- 
relativistic and relativistic) quantum many- 
fcrmion liquid of the Landau type is uniquely 
dictated by "theorems" : (l)When scaling the 
fermion momenta towards the Fermi surf 
all interactions but one become irrelevant! 
This implies that almost all such systems 
should behave thermodynamically as a corre- 
sponding noninteracting system of fermions. 
For example, the specific heat should grow 
linearly with T . Such a behavior is indeed 



"We do not sharply distinguish between supercon- 
ductivity and superfluidity in many-fermion systems. 
The superconductor is a superfluid having the per- 
turbative long-range gauge interactions switched on. 
Superfluidity in many-boson systems (for example in 
"^He) is, however, an entirely different story. 



observed in the low-T electron systems in 
metals, and in the liquid ^He. We are not 
aware of any experimental data in the rela- 
tivistic systems. (2)The four-fermion inter- 
action attracting fermions with opposite mo- 
menta at the Fermi surface is the only ex- 
ception: Even if arbitrarily small, it causes 
the (Cooper) instability of the filled Fermi 
sea with respect to spontaneous condensa- 
tion of the fermion Cooper pairs with oppo- 
site momenta into a more energetically favor- 
able ground state. The new ground state, be- 
ing by construction and by definition transla- 
tionally invariant, has in the simplest nonrel- 
ativistic case of the ordinary local BCS-type 
four- fermion interaction the property 

{i^+{x){n2)o.fii^+{x))^^^Q (2) 

It clearly exhibits spontaneous breakdown of 
the U{1) phase symmetry generated by the 
operator of the particle number. Given a 
four-fermion interaction, the BCS theory pro- 
vides for the microscopic quantitative under- 
standing of the system. 

Potential relevance of the physics of su- 
perconductors for the cold ancL dense QCD 
matter was recognized long agoO'QlJ. Recent 
abrupt increase of interest in this idea was 
driven by two influential papersErEI: By ex- 
plicit calculations they found that the real- 
istic four-fermion interaction of the t'Hooft 
type □ gives rise to the color-superconducting 
isotropic (spin-zero) phase I characterized by 
the condensate 

(3) 

which is phenomenologically quite appealing: 
A - lOOMeV. The condensate (||) breaks 
spontaneously the S'[/(3)c x U{\) symmetry 
down to SU{2)c. Consequently, when the 
gauge interactions are switched off, there are 
5-1-1 NG gapless collective excitations in the 
spectrum. Clearly, they can be only exited by 
the quark bilinears. When the gauge interac- 
tions are switched on 5 gluons acquire masses 
by the underlying Higgs mechanismS. Re- 
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cently,properties of this phase (and of its 
three-flavor relative) were studied in great de- 
tail. 

Pauli principle allows for yet another 
isotropic, color-superconducting phase II. It 
is characterized by the condensate (we intro- 
duce Ts =T3T2) 

{'^aaA(.x){T?,)AB{lbC)al3ll^fH,B{x)) = l^aSab 

(4) 

While A in (^ corresponds to the vacuum 
expectation value (vev) of the spin-0, color 
triplet, isospin-0 Higgs field, the condensate 
(^) corresponds to the vev of the spin-0, color 
sextet, isospin-1 Higgs field. The phase II 
is theoretically interesting mainly by sponta- 
neous breakdown of truly global isospin sym- 
metry. Since there is nobody who might 
"eat" them, the two corresponding NG gap- 
less excitations remain in the physical spec- 
trum, and become thermodynamically im- 
portant. Generic form of the excitations in 
this phase is the same as in the phase I. Dif- 
ferent is merely their counting. 

3 Anisotropic superconductors 



The Pauli principle itself allows for yet 
another two condensates, both having 
spin ondlil: (l)The anisotropic color- 
superconducting phase III is characterized by 



{'>PaaA{x){r2)AB{l0ll.C)api)piB{x)) = ^a^ab 

(5) 

which corresponds to the vev of isospin-0, 
color sextet antisymmetric tensor Higgs field 
'^abapix) describing spin-1. (2)The phase IV 
is characterized by the condensate 

{^o.aA(x)(T^)ABe''''\lol3C)o.pl>pbB{x)) = A 

(6) 

which corresponds to the vev of isospin-1, 
color triplet, antisymmetric tensor Higgs field 

Clearly, only the detailed behavior of 
Cint can select which one out of the four phys- 
ically distinct ordered phases is the most en- 
ergetically favorable one. 



The anisotropic phases are interesting 
for they break down spontaneously the ro- 
tational symmetry like ferromagnets. In rel- 
ativistic systems this is certainly not a very 
frequent phenomenon. It is possible only at 
finite quark density which itself breaks down 
explicitly the Lorentz invariance. The trans- 
lational invariance of the ground state must 
of course remain inviolable. 

In order to find out the generic features 
of the excitations of anisotropic superconduc- 
tors we have analyzed a model having all nec- 
essary properties but less indices. It is de- 
fined by its Lagrangian 

\f^,f'^'' + A„t (7) 



where 



(8) 



The Lagrangian (|^) is U{1) gauge invariant, 
and SUi2)v x 0(3) globally invariant. The 
interaction (|8|) is chosen in such a way that 
the isotropic (spin-0) condensate 

{i'aA{x)iT3)AB{l5C)api'0Bix)) (9) 

identically vanishes. Thus, cither (0) can be 
treated perturbatively, or the interaction (|^) 
gives rise to the anisotropic condensate 



(V'aA(2;)(-r2)AB(7073C)a/3?/'/3B(a;)) = A 



Introducing the field {ip — Cifi) 



qaA 



1 / i'aA 



(10) 



(11) 



we define a new self-consistent perturbation 
theory by the bilinear Lagrangian 

C^^qS-\p)q^qS^\p)q-CA (12) 



and the new interaction C^. 
where 







7073 A ~ 



.7o(7o73A)+7o 



(13) 
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Finding S{p) amounts to finding the form of 
the quasiquark dispersion laws. They have 
the form 



1/2 



(14) 



E^,^{p) = {el+\A\^ + f,'-D^p)) 



1/2 



(15) 



where = + m^, and 



2)|^|2)l/2^ 

(16) 

The equations (|lj) and ( |l5| ) exphcitly 
demonstrate spontaneous breakdown of the 
rotational symmetry of (^. 

Requirement that C^^^ gives zero contri- 
bution to S~^{p) in the lowest self-consistent 
approximation results in the equation for the 
gap A: 



A + 2AG' 



cPp 



(2^)3 \E^,){p) E^,){p) 



E(i){p)E(2){p) , 

Numerical analysis of Eq. ([l^ ) yet remains to 
be done. Here we simply assume that for the 
properly regularized integralB in (p7|)A ^ 
does exist. It is interesting to note that E^2) 
vanishes at p\ +pl = |Ap + /i^ — ml,p3 = 0. 
Fortunately for the gap equation the circle 
of vanishing E^2) does not lie on the Fermi 
surface where the interaction is relevant. 

For the gauge interaction switched off 
the condensate ( p^ ) breaks spontaneously the 
global U{1) X SU{2) x 0(3) symmetry down 
to SU{2) X 0{2). Consequently, there should 
exist 1-1-2 NG quark-composite excitations. 
Their quantum numbers are found by analyz- 
ing the Goldstonc commutator. In terms of 
the field q and of the Pauli matrices which 
operate in the space of q the NG composites 
have the form 57073 (Fi - iT2)q, jg7o72(ri -I- 
iT2)q, ig7o7i (ri + iT2)q- 

Finally, it would be desirable to know 
how the anisotropic condensate (|l^) influ- 
ences the behavior of the gauge field when 



perturbatively switched on. We plan to ad- 
dress this question within the microscopic 
description (|^) in a future work. Here we 
present a straightforward analysis within the 
Higgs approach taking for granted that the 
condensate ( |l0| ) is a vev of the antisymmet- 
ric order parameter ^'^'^ describing the spin 
one. Requirement that only its time-space 
components propagate fixes the form of its 
kinetic term which has to be gauged. The 
self-interaction of the field <I'^'' is chosen in 
such a way that (^oa) = A. The resulting 
effective Lagrangian has the form 

CH^~{D^^Xt.)+D,<S>''^~Vi<P) (18) 

in which we have ignored for simplicity the 
fact that ( |l8| ) should be only 0(3) invariant. 
The mass term of the gauge field following 
from (US) has the form 



C-mass — C^|Ap(74g — A 



-e2|A|2(yl2 + A2 



(19) 



We think that the anisotropic Meissner-Higgs 
effect (^ is peculiar but not unexpected. 
The first term e^|ApA^A^ is the effect in- 
dependent of the spin of the order parame- 
ter, whereas the second term represents an 
anisotropic " anti-Meissner-Higgs" effect due 
to the spin. 

4 Conclusion 

It is gratifying to observe that QCD has a 
corner in its phase diagram which is accessi- 
ble experimentally, and which should be full 
of new phenomena associated with macro- 
scopic quantum ordered phases of the super- 
fluid type. 

Although the analogy between supercon- 
ductivity and the low-T deconfincd QCD 
matter seems rather strong, it falters in one 
important respect: For studying the color- 
superconducting phases we can safely forget 
about using external chromomagnetic and ex- 
ternal chromoelectric fields. We believe that 
due to the macroscopic quantum nature of 
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these phases it is nevertheless justified to 
speculate that their experimental signatures 
might be brighter than those of the 'ordinary' 
quark-gluon plasma above a superconducting 
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